CONSISTENCY OF THE CONDITIONS DETERMINING
KOLLEKTIVS*

BY
ARTHUR H. COPELAND+}

1. Fundamental concepts. With the establishment of the consistency of
the conditions determining collectives,{ we obtain a sound basis for the the-
ory of probability. We shall see that certain slight modifications of these
conditions will be necessary in order to establish consistency but these modi-
fications will destroy none of the intrinsic value of von Mises’ theory. In
those alternative systems for which consistency has been established, the con-
ditions are so much weaker than those of von Mises that much of the value
of his theory has been lost.

The collective is a mathematical idealization of a sequence of occurrences
(measurements, tosses of a coin, etc.). A collective K consists of an infinite
sequence of elements (points of some space .S). Thus§

1) K =eD, @ ¢® ...

The points m of .S are called labels (Merkmale) and the space S the label
space (Merkmalraum).||

2. Fields and distribution functions. Let F be a set such that its elements
are subsets of the space S and such that the sum, product, and difference
(when defined) of any two of its elements also belong to F. Also let the space S
be an element of F. Then F is called a field.§ Associated with every element
4 of F, is a probability w(4) satisfying the following conditions.

1. If 4 and B are any two mutually exclusive elements of F (i.e., 4-B

is the null set 0), then 7(4 +B) =7 (4) +=(B).
2. For every element 4 of F,0=7(4).

* Presented to the Society, June 22, 1933; received by the editors September 25, 1935.

1 Guggenheim Fellow.

1 The concept of collective (Kollektiv) is due to von Mises. See R. von Mises I, II, ITI. Refer-
ences to the literature are given at the end of this paper.

§ At a later point we shall state the restrictions which must be imposed upon K in order that it
may be a collective.

| The letters m and e are used to refer respectively to points of .S and elements of K. Two e’s
with different superscripts may be equal to the same element 7 of S. For example, in the tossing of
a coin, the space S consists of two elements m; and m, (heads and tails) and in general each of these
elements is repeated an infinite number of times in the corresponding collective.

9 Kolmogoroff I.
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3. 7(S)=1.
4. If Ay, A,y As, - - - is any sequence of elements of S such that 4,>4,
>A4;> -+ - and[];,4,.=0, then lim,..7(4,) =0.
The function w(4) satisfying the above conditions is a generalized measure
function, but in this paper it will be referred to as a distribution function
(Verteilung).

3. Product spaces and independence. Let S, Sz, - -+, S, be a label
spaces. We shall denote the product space S by SiXSeX - - XSa If
my, Ms, - - -, M, are respectively points of the spaces Si, S, - - -, Se, then
m=my XmyXmzX - -+ Xm, is an element of the product space .S. The ele-
- ment m may be considered as a point whose coordinates are my, ms, - - - , Mq.

Let K; be a collective whose label space is S; (=1, 2, - - - , &) and let e
be the nth term of the collective K;. We shall form a collective K whose #th
element e is given by the equation e™ =¢,™ Xe™ Xef™ X - - - Xes™ . We
shall call K the product collective and shall denote it by the expression K; X K.
XK3X - -+ XK,* von Mises designates as a Verbindung the operation by
which the product collective is formed.

Let F; be a field of the space S: and let 4; be a set of the field F,
(2=1,2,3, - - - ,a). Let 4 be the product set 4;XA42X - - - XA,. Then 4 shall

contain all points m=m;XmsX - - - Xm, such that m; belongs to 4;. The
product field F=F,XF:X - - - XF, shall contain all product sets which can
be formed from the fields F,, F., - - -, F,. It shall also contain sums, logical

products, and differences of such sets. Thus a product field is itself a field.

Let us suppose that the collectives K;, K, - - -, K, possess distribu-
tion functions m(41), ma(4s), - - -, T«(4.) and that the product collective
K=K, XKyX --- XK, possesses the distribution function 7(4). Then the
collectives K;, K,, - - -, K, will be called independent provided

T(A) = W(Al X4 X - X Aa) = 7l'1(A1)'1r2(A2) s me(da).

It will be noted that the order of multiplication is immaterial to the defi-
nition of independence. Moreover if the collectives Ky, K,, - - -, K, are in-
dependent and if K,,, K,,, - - -, K., is any subset of these collectives, then
the collectives of this subset are independent. In order to define the inde-
pendence of an infinite set of collectives, we shall place a restriction upon the
product field. Namely if 4;XA42X - - - XA.X - - - is any product set of the
product field, then only a finite number of the sets 4 ; will be proper subsets
of the corresponding spaces S:. The remaining sets 4; will be equal to the
corresponding spaces Si. Thus an infinite set of collectives is an independent
set if and only if every finite subset is an independent set.

* Dorge 1.
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4. Expected value and functions of collectives. The expected value p(K)
of a collective K is defined as follows. Let

(2) pa(K) = i e /n.*
Then
(3) p(K) = lim p.(K).*

7n— 0

Functions of collectives are defined in the following manner. Let f(m) be
any function defined for all points of .S and let f(K) be the sequence

4) J(K) = f(e®), f(e®), f(e®), - - - .

This transforms the collective K into a new collective f(K) and is a general-
ization of the operation von Mises calls Mischung.t Functions of any number
of collectives are automatically defined in terms of the concepts of product
spaces and product collectives.

A function which is of particular importance in this theory is the funda-
mental function of point sets.t Let 4 be any element of F and let ¢4(m) be
the fundamental function of the set 4. Then ¢4(m) has the value 1 when m
is a point of 4 and the value 0 otherwise. In the case of the product space
S=81XS:X - -+ XS., the fundamental function satisfies the equation

D4,%4,% - xaa(M1 X ma X -+« X ma) = ba,(m1) da,(ms) - - - Pan(ma).

The expected value p[p4(K)] of the collective ¢4(K) is the probability
with respect to the collective K, of obtaining a point of the set 4. That is

©) pla(K)] = =(4).

This may be seen as follows. The summation Y ,¢4(e(®) is the number of
times that elements of 4 occur in the first # terms of K. Hence p,[¢4(K)] is
the success ratio for elements of 4 in the first » terms of K. The limit of this
success ratio p[¢4(K)] is the probability. The collective is said to possess a
distribution with respect to a field F provided the limit 7(4) exists for all
sets 4 of F and provided m(A4) satisfies condition 4 of §2. It will be observed
that conditions 1, 2, and 3 are satisfied automatically.

5. Selections. We shall now define an operation called selection (Aus-

* The expressions p,(K) and p(K) will be used only when the corresponding space S is such that
addition and division by a number have a meaning, and p(K) will be used only when the limit exists.

t von Mises reserves the term Mischung for the case where the operation is single-valued and
its inverse is multi-valued.

1 de la Vallée Poussin I.
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wahl). Let #,, #ns, ns, - - - be an increasing sequence of positive integers.
From any collective K we can form a new collective K’ by selecting the
mist, nend, - - - terms of K. Thus

K’ = g(ﬂl)’ e(nz)’ 3(”;)’ e,

It is convenient to introduce a notation for this operation. Let x =x®), £®),
2@ ... be a sequence whose terms x x( ... areall 1’s and the rest
of whose terms are all 0’s. Thus x is a sequence similar to K and the associated
label space consists of the elements 1 and 0. We shall denote the operation
of selection by the equation K'=K cx.* It should be observed that
f(Kecx)=f(K) cx.

A selection x may be regarded as a number written in the binary scale,
with digits x® x® ... and with the radix point placed immediately before
the first digit. Any number in the interval from 0 to 1 (0 excluded) can repre-
sent a selection. In the case of the ambiguous representation, the ambiguity
is resolved by means of the condition that an infinite number of the terms
of the collective must be selected and hence an infinite number of the digits
of x must be equal to 1.

Let us operate on the collective K by a selection #;, obtaining a new collec-
tive K’ =K cx;. Let us operate on the resulting collective K’ by a selection
¥, obtaining K’/ =K’ cx,. Let us suppose that x, selects the #;st, #end, - - -
terms of K and that x, selects the »;st, »ond, - - - terms of K’. The resultant
of the two selections is equivalent to a single operation ¥ which selects the
n, st, m,nd, - - - terms of K. Thatis (Kcx,) cx,=K cx.

A set D of selections will be called a fundamental set provided the re-
sultant of any two selections of D is a selection of D and provided D contains
the identity selection 1=1,1,1, - - - . A fundamental set fails to be a group
since a selection can have no unique inverse. The set consisting only of the
identity is an example of a fundamental set. A second example is the set con-
sisting of all possible selections. As a third example we shall construct a
fundamental set D, which will be used to define independence of terms of a
collective. We shall denote the elements of D, by the symbol «x., where 7
and #» are positive integers. The operator z,,, selects the rth, the (r+#)th,
the (r+2n)th, the (r+3n)th, - - - terms of a collective K. The resultant of
the operation «.,, followed by the operation #,,, is equivalent to the operation
xr,y where R=7+(p—1)n and N =nv. The selection x,,1 is the identity.

6. Independence of the terms of a collective. If a well balanced coin is
thrown twice, the probability of obtaining heads on the first throw and tails

* The symbol C is the inverted implication sign and is interpreted by the word “if.” For this
interpretation, see Copeland I.
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on the second is 1/4. To verify this experimentally, it would be natural to
throw a coin twice and observe whether or not heads were obtained on the
first trial and tails on the second. Then repeat the experiment a number of
times. When # such experiments have been made, the coin has been thrown
2n times. That is, there are determined # groups of two throws each. These
throws constitute the first 2z terms of a collective K. Let m, and m, represent
respectively the labels heads and tails. Then ¢.,(K cx,,2) is a sequence of 1’s
and 0’s such that a 1 occurs when heads is obtained on the first throw of a
group of two, and a 0 otherwise. Similarly ¢.,(K cx. ) is a sequence repre-
senting tails on the second throw of each group. The product ¢.,(K € x;,)
-¢m,(K €x2) is the sequence whose probability we are investigating. We
should expect the success ratio pn[¢n,(K €x1,2) ¢m,(K €x2,)] to be approxi-
mately 1/4 and the probability p[¢m,(K €21.2) ¢n,(K €x22)] to be equal to
1/4.
In a like manner we should have

P [d’mz(K c x1,3) 'd’ml(K c x2,3) '¢m1(K c x3.3)]
= plom(Kcx1,3)] pldm,(KCx2,3)] plom, (K€ s3] = 1/8,

since the probability of tails on the first throw, heads on the second, and heads
on the third is 1/8. The same probability should be obtained for the combina-
tions mi, my, ma; my, my, Ma; My, Ma, My - - - ; Ma, Ma, ma. That is, the sequences
K cux 5, K €5, K €233 should be independent. We shall say that the terms
of a collective K are independent provided the sequences K €x;,,, K € 2,,,

- , K cx,,, are independent for every positive integer #.

7. Contractions. If K is any collective and 4 is any subset of the corre-
sponding label space, then ¢4(K) is a sequence of 1’s and 0’s and hence can
be used as a selection operator. The operation K € ¢4(K) is called a contrac-
tion (Teilung).* By means of the contraction, the collective K is transformed
into a new collective with the contracted label space 4.

The operations of selection and contraction can be combined. Thus we
may perform a contraction K c¢4(K) on the collective K and then operate
on the resulting collective by a selection «. The resultant of the two opera-
tions is denoted as follows, K c¢s(K) - € -x. The two dots are used as
brackets.{ Everything to the left of the first dot is understood to be enclosed
in one bracket and the x to the right of the second dot is enclosed in another.
Thus the expression K €¢4(K)- ¢ -2 means [K c¢4(K)] e [x]. That is, the
dots indicate that the contraction is performed before the selection. In' case

* Contraction is not intended as a translation of the word Teilung but it is descriptive of the

operation.
t Lewis and Langford I.
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further bracketing is required, two dots may be used to indicate a stronger
bracket than one dot. For example, K cx;- € -¢p4(K €x,): € 12, means
{[Kcx]c[pa(Kex:)]} € {2:}. It should be observed that K c$a(K)
-c-¢pp[Kcpa(K)]=K c¢pa.3(K) for any two sets 4 and B. That is, the
resultant of two contractions is a contraction.
8. Restrictions on collectives. von Mises places the following restrictions
on the collective.
(M1) The limit p[¢p4(K)] exists for every element 4 of the field F.
(M2) If A and B are any two mutually exclusive elements of F such that
?lo4(K)] and p[¢pr(K)] are not both 0 and if x is any selection of
the fundamental set D, then the limits p {¢4[K cpap(K)- € -x]}
and p{¢z[K c¢sss(K)- c -x]} exist and

ploalK coasn(K)- € x]}/p{os[K chasn(K)- € x]} = ploa(K)]/p[o6(K)].

(M3) The set D contains all selections which are independent of K.

(M4) The field F contains all possible subsets of the label space F.

The first restriction states that the collective must possess a distribution.
The second restriction can be most easily understood by specializing the op-
erators. Let us consider the case in which x is the identity selection. The terms
of K € ¢4, 5(K) belong either to 4 or to B and hence

ploalK coarn(K)]} + p{o[K cdusn(K)]} = 1.

From this equation and from condition 2, it follows by simple algebra that

p{64[K cousn(B)]} = ploa(®)]/{ploa(K)] + plos(K)]1}
and
piosK courn(K)]} = plos(K))/{plea(K)] + plos(K)]}.

That is, the probability that a term of K will lie in 4 if it lies in 4 or B is
equal to the probability that a term of K will lie in 4 divided by the probabil-
ity that it will lie in either 4 or B. Next let us specialize by letting A +B=S.
In this case the contraction reduces to the identity. Hence it is easily seen
that condition (M2) implies that the distribution of a collective is invariant
under the operation of all selections of the set D.

There has been considerable discussion concerning the meaning of condi-
tion (M3).* In fact, this seems to be the most serious difficulty in von Mises’
theory. Since the objections have been adequately treated in other papers it
is not necessary to repeat them here. We shall however give an alternative
restriction to which these objections do not apply.

* Kamke I.
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It is also necessary to weaken condition (M4). I have proved that condi-
tions (M1) and (M4) cannot both be satisfied if the distribution function is
absolutely additive and absolutely continuous.* Thus, for example, these con-
ditions exclude any collective whose probability is distributed in accordance
with the normal law.

9. An alternative set of conditions. We shall denote by C[D, 7(E)] the
set of all collectives associated with a given fundamental set D and a dis-
tribution function 7(E) defined on a field F. The range of 7(E) determines the
field. We shall demand that the set of collectives belonging to C[D, 7(E)]
satisfy the following conditions.

(C1) p[¢s,(K < x,,0) ¢5,(K € x,,0) - - - $m(K € 20.0) | =7(Er) -7(Es)
-w(E;) - - - w(E,) for every set of integers 71, 75, 73, - -+ -, 71, # such
that 0 <7, <72 < - - - <ra=<n and for every set E,, E,, E;, - - - , Es of
elements of F.

(C2) K c¢u(K) isan element of C[D, n(E)/7w(A)] for every element 4

of F such that 0<7(4).

(C3) Kcxis an element of C[D, w(E)] for every element x belonging

to D.

The collectives satisfying these conditions also satisfy (M1) and (M2).
Thus suppose we specialize condition (C1) by letting z=r,=n=1. Then
since 1, is the identity selection, (C1) reduces to the condition p[¢z(K)}
=7 (E). Next let us observe that if E; and E; are any two mutually exclusive
elements of F such that w(E,) and 7(E,) are not both zero, then conditions
(C1), (C2), and (C3) imply that

pioe,[K copip,(K) € x]} = n(E)/x(E: + E,)
and

ploe. K copir,(K)- € 2]} = n(E)/m(E1+ Ej).

Conditions (C1), (C2), and (C3) are much stronger than (M1) and (M2).
In the first place, (C1) demands that the terms of a collective be independent.
Secondly, (C2) and (C3) enable us to operate on a collective by any finite
group of selections and contractions, whereas condition (M2) only permits
operation first with a contraction, then with a selection. Due to the recursive
nature of (C2) and (C3), it is in general true that when one collective of the
C[D, 7(E)] has been obtained, a continuum of such collectives is automati-
cally determined.

It will be recalled that conditions (M3) and (M4) relate to the choice of
the fundamental set D and the field F. Whether or not there exist collectives

* Copeland II.
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belonging to C[D, w(E) ]| depends upon the choice of D and F. Thus, for ex-
ample, if D contains all possible selections and if F contains two mutually
exclusive elements 4 and B such that neither 7(4) nor =(B) is equal to zero,
then C[D, w(E)] is null. In this paper we shall assume that D is denumerable.
The restriction which we shall place on F will depend upon the type of label
space. Thus if S is finite, F may be unrestricted. If S is euclidean, we shall
assume that F consists of all subsets of .S whose frontier points are of Lebesgue
measure zero.

10. Special fields. We shall consider certain special spaces and fields for
which the corresponding collectives can be more easily constructed. The col-
lectives thus obtained constitute a basic set in terms of which more gen-
eral collectives can be formed. We shall construct a space S consisting of
points whose coordinates yi, ¥, - - -, y. satisfy the inequalities 0<y;<1,
i=1, 2, - -+, a. We shall define a field F for S. A set 4 will belong to F
if and only if the frontier points of 4 constitute a set of Lebesgue measure
zero. It can readily be verified that F is a field. We shall let 7(4) be any
absolutely continuous distribution function whose range is F.

Since the collective is a sequence of points and hence denumerable, it is
not necessary to use all of the space .S. Hence we shall define a space S’ con-
sisting of a denumerable everywhere dense set of points in the space S. A
subset A’ of S’ will be an element of the corresponding field F’ if and only
if there exists an element 4 of F such that 4 -S’=A4". A distribution function
w'(A’) whose range is F’ is defined by the equation 7'(4-S’) =w(4).

It is necessary to show that the above distribution function is uniquely
defined. In order to do this, we shall first prove that if 4’ is any element
of F’ and A4, and A, are elements of F such that 4,-S'=4,-S’=A’, then
A, and 4, differ by at most a set of points of measure zero. Let f, and f; be
respectively the frontier points of 4, and 4, and let f=f1+/f,. Then the sets
By=A4,—A, f and B;=A:—A,-f are open. Let p be any point of the set B;.
Then it is possible to enclose p in a spherical region o such that all points of
o belong to 4,. Hence ¢ must contain points of the set 4’. But all points of
A’ are also points of 4.. Hence p is a limit point of points of 4,. Moreover p
is not a point of f; since it is not a point of f. Consequently » must belong
to A.. Therefore B; <A, and similarly B, <A4,. It is now easily seen that the
sets Ay —A,-A; and 4:—A4s- A, are both included in f and hence 4, and 4,
differ by at most a set of points of measure zero. It follows from the abso-
lute continuity of w(4) that w(4,) =m(4;). Hence 7’(4’) is uniquely de-
termined for any set A’ of F’.

If K is any collective with respect to the space S’ and the distribution
function 7’(4’), then K is a collective with respect to the space .S and the



1937] CONDITIONS DETERMINING KOLLEKTIVS 341

distribution function 7(4), since if e is any term of K, it will belong to the
set A if and only if it belongs to the corresponding set 4’.

We shall consider fields which are still further restricted. We shall decom-
pose the space .S into 2* mutually exclusive hypercubes m,,;, w2, - - -, my 22
The hypercube m, ; is called a mesh and consists of the points whose coordi-
nates yi, ¥z, - - - , Vo satisfy the inequalities a;,;/2 <y;<(a;,;+1)/2 where each
a; ;hasthevaluelorOandi=1,2,- - -, Thenm;, +mi 2+ - - - +my2=S.
We shall designate as the lattice L,, the field which consists of the null set
and sums of the meshes m;,,;. We shall form a lattice L, by decomposing each
of the meshes m,,; into 2= hypercubes (or meshes) in the same manner in
which we decomposed the space S to form the lattice L;. Thus L. contains
the meshes ma,1, M2, - - -, Ma,22«. In a similar manner we shall form lattices
Ls, Ly, - - - . Thus the lattice L, contains 2*> mutually exclusive hypercubes
or meshes. We shall assume that the subscripts of the meshes are so chosen
that

Ms—1,j+1 = My, j.2041 + Ms,j-2242 + -+ Ms, (j+1)22.

We shall let N=L,+ L.+ - - - and shall call NV a net. It is easily seen that ¥
is a field.

The point whose coordinates are a1,;/2, @2,;/2, - - -, @a,i/2 will be called the
vertex of the mesh m; ;. The vertices of the meshes of the lattices Ly, L;, - - -
will be located in corresponding positions. Thus for the case =2, a vertex is
located in the lower left-hand corner of its mesh. Let S’’ be the space which
consists of all the vertices of the meshes of N. Then S’/ is denumerable and
everywhere dense in S. We shall define a field F’’ of the space S’/ as follows.
A set A" will be an element of F’’ if and only if there exists an element 4
of the net N such that 4’=4-S"'. The field F'’ may be regarded as an ap-
proximation to the field F since if 4 is a set whose frontier points are of
measure zero and if e is any given positive number, there will exist two ele-
ments 4; and 4, of N such that 4,<A4 <4, and m(4:—A4,) < e*

11. Groups of operations. We shall obtain a more convenient form for
conditions (C1), (C2), and (C3) as applied to the space S’ and the field F’
defined in §10. Conditions (C2) and (C3) enable us to operate on a collec-
tive with any finite group of selections and contractions. The resultant of
these operations is a collective and hence must satisfy (C1). Since the re-
sultant of two contractions is a contraction and the resultant of two selections
of D is a selection of D and since D contains the identity selection and there
exists an identity contraction, there will be no loss of generality in assuming
that the selections and contractions of such a group alternate, beginning with

* Copeland II.
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a selection and ending with a contraction. Let the selections of such a group
be denoted by i, 2., - - - , x, and let the contractions be performed with re-
spect to the sets 4;, Ay, - - - , A, where 4,<A4,.1< - - - <A43<A,. Then the
group is ordered as follows: %1, 41, %3, 4s, - - -, %,, 4.

Condition (C1) involves a group of selections %,,,n, ®r,,n, - * * , Xrs,n Of the
set Dy and a group of sets Ei, E,, - - - , E;. Let u=0+4. Then conditions (C1),
(C2), (C3) may be stated in terms of certain groups of operations involving u
selections and u sets where u=1,2,3, - - - .

The set D+ D, is denumerable. Hence we can assume the existence of a
one-to-one correspondence between the set of all non-negative integers N\ and
the set of all ordered finite subsets of D4 D,. We shall demand that corre-
sponding to each A, the group of selections contains at least one from the
set D,. The space S’ is denumerable and the field F’ has the power of the
continuum. Hence we can assume that a one-to-one correspondence has been
established between the elements of F’ and the set of numbers in the inter-
val 0<d<1. Let ¢ be any non-negative real number and let A= [¢] be the
largest integer contained in ¢. Then ¢ determines A and A determines a set
of u selections. Hence ¢ determines the integer u. Let & =¢— [¢] be written
in the binary scale. This number may be regarded as a sequence and hence
can be operated upon by the selection #;,.* The sequence ¢ c#;,, may in
turn be regarded as a number in the interval from 0 to 1. This number deter-
mines a set A;. The numbers dcxp,, dcus,, - - -, €%, F CXoyry, - - -,
& € x,,, determine respectively the sets As, s, - - -, Ao, Ey, Eo, - - -, Ej.

The group of operations thus performed on the collective can now be de-
fined as follows. Let

0;,«(K) = 0s1,i(K)cx;- € 'd’Ai[Oi—l,t(K) cuxl,
where 0<:=¢ and 0,,(K) =K. Let
Ot(K) = ¢E|[Oa.t(K) C xr,.n] '¢E,[Ov.t(K) C xr,.n] st ¢E;, [Ov,t(K) (= xr;,.n]

and
Plt, 7(E)] = w(Ey)-7(Es) - - - w(E»)-17"(4,).

Let 2’ be the set of points ¢ such that 4,>4,> - - - >4, >E +E:+ - - -
+E; and 7(4,) >0. Then conditions (C1), (C2), (C3) are equivalent to the
following

(C4) : 2[0:.(K)] = Plt, n(E)] for every ¢ belonging to ='.
In the case of the space S’ and the field F’’/ defined in §10, a similar set

* The ambiguous representation is resolved in the same manner as in the case of selections except
that the number 0 is the sequence 0, 0,0, - - - .



1937] CONDITIONS DETERMINING KOLLEKTIVS 343

of conditions can be obtained. Namely let =’ be the subset of 2’ for which
Ay, As, - - -, A,y By, By, - - -, Ey are elements of the field F'’. Then for the
field F'’, conditions (C1), (C2), (C3) have the form

(C5) p[0.(K)] = P|t, #(E)] for every ¢ belonging to ="’.

12. Existence of collectives. We shall prove the existence of collectives
satisfying condition (CS5). A one-dimensional label space S will be chosen and
the mesh m, ; will be the interval 2—+(j—1) <y <2-*-5. The proof is accom-
plished by the aid of a new number scale. Let y=>_,2 y® . 2-*¢+D/2 where
y®»=0,1,2,---,2"—1. Any number y in the closed interval from 0 to 1
can be so developed. This number scale possesses the same type of ambiguity
as is found in ordinary scales. Let K(y) be the sequence '

K(y) = PM(y), PP(y), PO(y), - - -,

where P (y) =y .2-». We shall show that for almost every y of the inter-
val from O to 1, the corresponding sequence K (y) satisfies condition (CS5). The
proof of this statement is accomplished by means of four lemmas.

The first lemma is concerned with the measure of a set

E = E[P™)(y)eE,- P (y)eE, - - - P (y)eE, |

defined as follows. The expression P (y)eE; means that the point P®9(y)
is an element of the set E;. The dots joining expressions of this type are con-
junctive. The set E consists of all points y which satisfy the conjunction of
all conditions within the square brackets. The set E; is the sum of a; meshes
m,,; where s is independent of 7. Hence m(E;) =a,2~*.

LemMa 1. m{E[P®™)(y)eE,- P™(y)eE, - - - P (y)eE,]| =m(E,) -m(Ey)
- m(E,) if sEm<m< - <m,.

The measure of the set of points y for which the first », digits are pre-
scribed is 2~ +D/2, Thus the proof resolves itself into the problem of count-
ing the number of possible combinations of the first #, digits of y for which the
conditions within the square brackets are satisfied. The first condition will be
satisfied if P (y) belongs to one of the @, meshes m,,;. The point Pv(y)
will belong to the mesh m,,;if 2—°- (j—1) £ y®> <2-*.5. Hence there are 27~
values for the digit yv consistent with the condition that P™v(y) belongs
to m,,;. Therefore the number of values for this digit consistent with the first
condition within the square bracketsisa,- 2. The digits y» y =) . . . 5
can be similarly treated. There remain certain digits of y which are entirely
unrestricted. That is, the first digit of y can be selected in 2! ways, the second
in 22 ways, - - -, the (#n,—1)st in 27:~! ways, the (n,+1)st in 27+ ways, - - -
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Thus these unrestricted digits can be selected in 2142+ -+m—n—ny—---=n,
= 2my(ny#D/2=n—ny=- - =, ways. It follows that
m{E[P®)(y)eE;- P (y)eEy - - - ]}

— 012"1_’022"2_" ... ayZny—xzn,(n,+1)/2—n1—n,—---—n,2-—n,(n,+l)l2

= m(E1) -m(Es) - - - m(E,).

The second lemma will be similar to the first except that it will be applied
to the sequence O,,.[K(y)] instead of to K(y). We shall assume that the sets
Ay, Ag, - - -, A, used in defining the operator O, and the sets Ey, E,, - - - , E,
used in the statement of the lemma are all sums of meshes m,,; with the same
subscript s. Let

0i K] = PP, PP, -+ - .
LeMMA 2. m{E[P,®0(y) eEy- P, (y)€Es - - - |} =m(Ey) -m(Ey) - - - m(E,)
em=(4,) if sSSm<me< - - - <m,.

We shall prove the lemma inductively. That is, we shall prove that if the
equation is true when ¢ is replaced by ¢—1, it will then be true when ¢ is
replaced by i. If ¢ =0, then the above equation reduces to the corresponding
equation of Lemma 1, since m~*(S) = 1. The sequence O;,:[K(y)] is obtained
from the sequence O;_i,.[K(y)] by the selection x; and the contraction with
respect to the set 4;. Both of these operations throw away certain terms of
the sequence O;_;,:[K(y)]. The terms thrown away by the selection are en-
tirely unrestricted. However any term thrown away by the contraction
must belong to the set 4, but not to the set 4;. On the basis of the assump-
tion that the lemma is true when o is replaced by i—1, it follows that the
measure of the set of points for which the z,th term of O;,[K(y)] corre-
ponds to the (n,+u)th term of the sequence O, [K(y)]cx; and for
which P®(y)eE,- P (y)eEy - - - P (y)eE, is m(E) -m(E) - - - m(E,)
-mr(A) [m(A42) —m(4;) J#-m~+(4,,). That is, a certain » of the terms
of 0;_,,:[K(y) ] must belong respectively to the sets Ey, By, - - - , E, and n,—»
of the terms must belong to 4; while the remaining u terms must belong to
A, but not to 4;. The (n,+u)th term must belong to E,. Since p can take
on all values from 0 to « and since there are 5 ,1C, ways in which the p
terms can be selected, then

m{E[P{ (3)eEy- P (y)eEy - - - 1}

= m(Ey) -m(Es) - - - m(E,) -m»(A)m=™(4diz1)* 2 n+u-1Ca

u=0

[m(Aisy) — m(4) ] m(4im)
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= m(E) -m(Ey) - - - m(E,) -m="(4:) -m™(4:) - m=" (A1)
‘ [1 _ m(Ai_1) — m(Ai):I_"”
m(Ai—l)
= m(E,) -m(Es) - - - m(E,) -m~—(4;).

It follows inductively that this equation still holds when ¢ =

It will be observed that the operator #,, selects the sth term and all of
the succeeding terms of a sequence K. If the expression K(y) in Lemma 2 is
replaced by K'(y) =K(y) cx,,, then the condition s<#, will no longer be
necessary.

LemmA 3. The function
V'(y,£) = limsup | p,{0.[K'(3)]} — P[t, m(E)]]|

p— o

is equal to O almost everywhere in the interval A: 0 <y <1.
If we let E[V'(y, £) > €] be the set of points for which V’'(y, ) > ¢, then
EV'>0)=EV' >1/2) + EV' >1/3) + E(V' > 1/4) + - - -

Hence the lemma will be established if we can prove that m[E(V'>¢)]=0
for every positive number e. We have the equation

EYV' > 9 = lim 3 ZE(I pfO K’ W]} = Plt,m(B)]] > o),
and hence

0

m[E(V' > o] = 2 m[E(| p{O[K'(9)]} — Plt, m(B)]| > ¢)]

H=po

for every positive integer uo. The remainder of the proof consists in estab-
lishing the convergence of this series. From Lemma 2 it follows that
mlBE(| 2u{0[K'D]} = Pl m(B)]| >9]= X .G
ls/u—PLt,m(E)]I>¢
-Pe[t, m(B)]{1 — P[t, m(E)]}»~,
where the expression below the summation sign indicates that s is summed

over all values consistent with this inequality. Borel has proved the conver-
gence of all series of the form*

Z E WCo p°- 4%

p=1 ls/fu—p|>e

* Borel 1.
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where p and ¢ are positive numbers and p+¢=1. Hence Lemma 3 is estab-
lished.

The purpose of Lemma 4 is to show that Lemma 3 will still be true if
K’(y) is replaced by K(y). We shall first construct a set D’ defined as follows.
If x is any selection of D and if s is any positive integer, then there will exist
a selection «’ of D’ such that

Kcx c-x2p,=KcCx,,- €2,

where s’ is such that either #,_, <s <#, or s <#,, and where ni, n,, ns, - - -
are the ordinal numbers of the terms selected by x. Thus n,—s+1,
#eg1—s+1, - - - are the ordinal numbers of the terms selected by x’. Since
the selection x, is the identity, it follows that D <D’. Moreover D’ is de-
numerable. In Lemma 4 it will be assumed that the set =’/ is defined in
terms of D’.

LemMA 4. If t is any number belonging to the set 2'" and if s is any positive
integer, then there exists a number t' belonging to Z'' and a positive integer r such
that

O(K)c %, =O0p(KCa).

Given the selection x and the positive integer s, there exist a selection «’
and a positive integer s” such that K e x- ¢ -x,, 1=K cx, - € -x’. There exists
a second positive integer s’/ such that Kcx- ¢ -x,1: ¢ :¢pp(K cx- € -2, 1)
=Kcx c -¢g(Kcx): € :x,,. From this it follows inductively that there
exist a positive integer  and a number ¢’ belonging to =’ such that

O,'t(K) CXr1 = O,J/(KC x,,;) .

The number ¢’ differs from ¢ because the selections involved in the operator
O,,+ are different from those involved in the operator O,,.. The contractions
are the same for both operators. Since

¢[00, «(K) € %,,1] = ¢£[0.,(K)] € .1,
we have the equation
O«K) c %y = Op(K €24,1).
With the aid of Lemmas 1, 2, 3, 4, we can prove the following theorem.

THEOREM 1. For almost every y of the interval A: 0 <y <1, the corresponding
sequence K(y) satisfies condition (C5).

Let
V'(y, #) =lim sup | pu{O0u[K(y) € 2]} — P[, m(B)]],
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V(y, ) =limsup | pu{0.[K ()]} = P[, m(B)]].

The sets involved in the operator O, are sums of meshes m,,;. Of course for
any given operator O, it is only necessary to let s be the subscript of the
finest mesh occurring in the sets corresponding to this operator. Since the
contractions involved in O, are the same as those involved in O,, s depends
directly upon ¢. The number ¢’ depends upon both ¢ and y. Let M be the set
of points y for which V'(y, #') =0 for every ¢’ of the set Z"’. Since =’ is de-
numerable, it follows from Lemma 3 that m(M) =1. Let y be any point of M
and ¢ any point of Z’/. Then by Lemma 4 there exists a pair of numbers »
and ¢’ such that

p{0u[K(y) € 2]} = p{OJK(y) ] €20} = plOJK()]}.

And hence V(y, {)=V'(y, ¢') =0. Therefore for almost every y, the corre-
sponding sequence K (y) satisfies condition (C5).

13. Segments of collectives. We shall now consider the problem of con-
structing collectives satisfying condition (C4). The method will appear con-
siderably different from that of the previous problem but will in fact be
guided by it. A study of the differences between these two problems will be of
advantage in the work which we shall do. We now have to deal with sets
whose frontier points are of measure zero instead of with sets consisting of
finite sums of meshes. The collective K(y) is so constructed that each term is
capable of adapting itself to a finer mesh than is the preceding term. That
is, the point P®(y) can belong to any one of the meshes of the lattice L,
whereas the point P¢~V(y) cannot. Thus after a certain term in this collective
all points are capable of adapting themselves to any given set consisting of a
finite sum of meshes. However if we have a set whose frontier points are of
measure zero, then in general the adaptation is never complete. Moreover
the tendency toward adaptation is so rapid that it is difficult to follow the
variation of the success ratio. Our first point of difference from the preced-
ing method will be for the purpose of slowing up this adaptation.

We shall generalize the method of formation of the sequence K(y). Let
Ny, Ny, N3, --- be a sequence of positive integers which will be deter-
mined at a later point. Let »,=N;+N:+ - - +N,, if 1<s and » =0.
Let P (y) = [y .2:=k].2—* where s is determined so that »,<k<w,y;. It
will be observed that if Ny=N,= -.. =1, then k=s and this definition
of K(y) is the same as the previous one. We shall say that the points
Posti(y), POstD(y) ...  POs(y) constitute the sth segment of K(y).
These points are adapted to the meshes m,,;. The sequences O;,.[K(y)] ad-
mit of a similar decomposition. into segments. Let
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M(S, i’ Y t) = V(S7 i — 1’ Y t)'pt'(s.i—l.v.t)(xi)y
V(S; i, Y, t) = M(S, i, 9, t)'Pn(a-i.v.t)(‘ﬁAi{Oi—l,t[K(y)] c xi}),

where »(s, 0, ¥, £) =»,. The points of O;,;[K (y) | whose superscripts range from
v(s, 3, ¥, ) +1 to »(s+1, 7, v, £) constitute the sth segment of O;,,[K(y)]. If
N(s, 3, 5, ) =v(s+1, 4, 5, £) —»(s, 4, ¥, £), then there are N(s, 4, y, ) points
in the sth segment of this sequence. The points are selected from the sth seg-
ment of K(y). Let

V(S, g, t) '?V(a,v.v.t)(xrh.n) = ;.L(S, Y, t)‘
Then
o+ n [”'(5’ Y t) - 1] = V(S, g, Y, t) <7+ ”'/‘(Sy Y, t)'

The points of O,[K(y)] whose superscripts range from u(s, v, )41 to
p(s+1, y, ©) constitute the sth segment of this sequence. All except the
first of the points of this segment correspond to points of the sth segment
of K(y). The first point of the sth segment of O,[K (y) ] corresponds to # points
which may be selected from both the (s—1)st and the sth segments of K(y).
Let J(s, v, t) =p(s+1, v, ) —p(s, y, £). Then there are J (s, y, £) points in the
sth segment of O,[K(y) ]. It will be observed that [N(s, o, v, £)/n] <J (s, y, ).
We shall investigate the success ratio of the sequence O,[K(y)] within its
sth segment, that is, the expression py{0,[K(y)] cx,.} where p=pu(s, y, #)
and 0<N =J(s, y, t). Our problem is to choose the integers N, so that this
success ratio can be made to approximate P[t, m(E)] for a set of points y
whose measure approximates 1.

14. Lengths of segments. The sth segment of O,[K(y)] must contain a
sufficient number of terms to permit the success ratio within this sequence
to approximate the desired value. In order to accomplish this, there must also
be lower bounds to the lengths of the sth segments of the sequences
0.,:[K(y)]. We shall appraise the measures of certain sets of points y for
which these segments have the desired lengths. Thus the lower bounds should
be numbers which are independent of y. Let

M(S, i, t) = min N(S, 17— 1, t)'PN(s,i_l,t)(x,'C x,,l),
where v=v(s,2—1, y, #) and where the minimum is taken with respect to y;
N(S’ 1:’ t) = [M(S, i) t)' {m(Aa.i)/m(Ax.i—l) - 2_‘—1} ]’

where the square brackets signify the largest integer contained in the nums-
ber within these brackets;

N(s, 0,8 = N,.
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The numbers N(s, 4, #) thus inductively defined will be taken as the lower
bounds of the lengths N(s, 4, v, #) of the sth segments of the sequences
0:..[K(y)]. We shall let G(s, i, {) = E[N(s, 1, §) <N(s, 4, v, {) ], where 0 <i <o,
denote the set of points y for which this segment has the desired length.
Since the integers »=»(s, —1, y, f) depend only on the first », digits of y,
it is easily seen that limy,..N(s, 4, f) = ©, and hence N(s, 4, £) can be made
arbitrarily large by a proper choice of N,. Let

J(s, 8) = [N(s, o, 0)/n].

Then the length J (s, v, £) of the sth segment of O,[K(y)] will be at least as
great as J (s, ¢) for all values of y for which N(s, e, ) N(s, 0, y, t). Let

H(S, t) = [J(Sy t)'z_,_l - u(s, t) - VO])

where u(s, ) =J(1, ) +J(2, )+ - - - +J(s—1, £). Then limy,. H(s, t) = =.
Let
Es.i = E Ms, ;i and As,i = Z Ms,j-
2-8(j—1)eE; 278 (j—1)ed;
Thus E,,; is a sum of meshes of the lattice L,. It consists of all such meshes
whose vertices lie in E;. The set 4,,; is similarly defined. Let

P[S, 3 m(E)] = m(Es,l)'m(Es,2) T m(Es.h)'m_h(As.v))

G(s,t) = E(| px{0:[K(9)] € pn} — P[s, t,m(E)]| < 2-1- € -H(s — 1,1)
SN =JG, ),

where u=u(s, y, #). The symbol c means “if.” The set G(s, #) consists of those
points y for which the inequality to the left of the symbol ¢ holds for all
values of N satisfying the inequalities to the right of this symbol. Thus if y
is a member of this set, then a restriction is placed upon the success ratio of
0.[K (y)] within its sth segment.

The integers N (s, 2, £), J (s, £), H(s, {) depend upon the numbers N,. While
the determination of the numbers N, will not be given until a later point, it is
necessary to note here that the numbers N(s, 7, #), J(s, £), H(s, {) must
all be positive. It then follows from the definition of H(s, #) that {H(s, )
+uls, )} - 241 T (s, 1), J(s—1, §) <J (s, £) and H(s—1, ) H(s, §) <J (s, ).
Hence H(s—1, §) <J(s, y, t) whenever N(s, o, {) <N(s, 0, , 1).

15. Appraisals of certain set measures. We shall prove that

m{C[G(s, 1,8)-G(s, 2,8 - - - G(s, 5, )]}

(6) = a(s, 1; t) + a(s, 2) t) + -+ a(S, o, t)

and
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m{C[G(Sy 1’ t)'G(S, 27 t) o G(S, o, t)‘G(S, t)]}

(7)

é a(s, 17 t) + a(s, 2, t) + . e + a(s’ , t) + a(s’ t),
where

a(s’ i; t) = Z M(a.i,t)CR
(8) R/M (8,7, t)<m(As,i)/m(As,i~1)—2"0"1
( m(4,,:) >R<1 m(As.5) )M(s.i,t)—R
m(As,i-1) m(Aq 1) !
and
als, ) = 2 >

(9) N=H(s—1,t) |R/N—P[s,t,m(E)]|22-*-1—1/N

-PR[s, t, m(E)]{1 — P[s, t, m(E)]}¥-=.
The proof will be accomplished by means of the following lemmas.

LeMMA 1. m{E[P®(y)eE - P®)(y)€eE; - - - P (y)eEs]} =m(E,) -m(Ey)
-~ m(E), where vi<m<ne< - - - <my and where the sets E\, Es, - - -, E;
are elements of L,.

LeMMA 2. m{ E[P;#)(y) eE,- P (y)eEs - - - |} Sm(Ey) -m(Ey) - - - m(Ey)
m~(A4,,), where m=v(s, i, v, H+M<m=v(s, i, v, H+N< - <my
=v(s, 1,5, ) +M=Sv(s+1, 12, v, 1), where Ay, Ns, - - - , N\ are positive integers in-
dependent of v and O;,[K(y)]=P.®(y), P;®(y), P;®(y), - - - and the sets
E,, E,, - - -, E; are elements of L,.

The first lemma is proved in a manner similar to that of Lemma 1, §12.
In order to prove Lemma 2, let us first consider a special case in which ¢ is
restricted in such a manner that 4,=4,1, As=4,,,- - -, Ai=A,,;. For such
a choice of ¢, it follows that the expressions to the left and to the right of the
sign < would actually be equal if the restriction n, <»(s+1, 7, y, #) were re-
moved. This fact can be proved in a manner similar to that of Lemma 2, §12.
The restriction #, <v(s+1, 4, v, t) makes the above specialization of ¢ un-
necessary. Moreover this restriction in general decreases the set whose meas-
ure we are appraising. Hence Lemma 2 is established.

We have the equation

m{C[G(s, 1,8)G(s, 2, ¢) - - - G(s, i, )]}
=m{C[G(s, 1,8) - - - G(s, i — 1, 8]}
+ m{G(s, 1,¢) - - - G(s, i — 1, O)C[G(s, 1, )]} .

We shall show that the measure of the set G(s, 1,%) - - - G(s,i—1,8)C[G(s, 1, 1) ]
is less than or equal to a(s, , #). If y is a member of this set, then there must
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be at least N (s, i — 1, £) points in the sth segment of O,_,,;[K(y) ]. Hence there
must be at least M (s, 4, £) points in the sth segment of O,_1,:[K(y) ] € x.. Sup-
pose that R of the first N(s, 7, £) points of the sth segment of O;_;,,[K(y)] e x;
belong to the set 4,,;. Then it must at least be true that R<N(s, , ¢) and
hence R/M (s, 1, £) <m(A4,,:)/m(4,,i—1) —2~1. It follows from Lemma 2 that
m{G(s, 1, 1)-G(s, 2, ) - - - G(s, i—1, ) -C[G(s, i, £)]} <als, 4, £). Thus in-
equality (6) is established. In a like manner it is easily seen that inequality
(7) is also true.

We are now in a position to determine the integers N,. It will be observed
that there are only a finite number of sets of the sets 4,,; and E,- ; such that
s’ <sand t<s, and only a finite number of sets of selections #; and «.,. such
that ¢ <s. There correspond a finite set of values of £, the particular choice of
the set being unimportant. By a proper selection of the integer N,, the in-
tegers M (s, i, £) can be made so large that the numbers a(s, 7, £) can be made
arbitrarily small for all values of . Moreover H(s—1, £) can be made so large
that a(s, £) can be made arbitrarily small. We shall choose N, so that

Sfals, 1, +als,2,0) + - +als, 0,8} <271,

®
where the summation is extended over all values of ¢ of the above mentioned
finite set. Then

m {C(HG(S, 1,8)-G(s, 2,8) - - - G(s, o, t)>} < 271
0)
where the symbol [ ], means that the conditions to the right of this symbol
must be satisfied simultaneously for all values of ¢. Let

H HG(S> 1, t)'G(S, 2, t) T G(S, g, t)'G(S, t) = G8o‘

8=s, ()

Then m[C(G,,) ]| 2. Let

G= > G,

8o=1

Then m(G) =1.
We shall show that if y is any member of the set G, then K(y) satisfies
condition (C4). This will be done with the aid of the following lemma.*

LEMMA 3. If K=P®, P® P® ... isa sequence whose label space con-
sists of the elements 0 and 1 and if there exist a decreasing sequence of positive
* This lemma was proved by Regan (see Regan I). A much simpler lemma whose function is

similar has been proved by von Mises (von Mises VI). However I have been unable to adapt von
Mises’ lemma to this problem.
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numbers €, €, €, - - - such that lim,..e,=0, and two sets of positive integers
Ji, J2, T3, - - - and Hy, Hp, Hs, - - - such that for sy<s

@) | pw(K e 3u0) — p| < /3

whenever Hy, < N <J 11, where p=psp1=J1+Jo+ - - - +J,,

(b) | pr(K € 5) = p| + (o + H) /T, < /3,

where u=u,, then

(c) | pw(K) = p| <

if topr SN Sproys and s, <5.

Since lim,..P[s, t, m(E)]=P[t, m(E)], it follows that there exists a de-
creasing sequence of positive numbers e, €, €, - - - such that
(10) | P[s, t, m(E)] — P[t, m(E)]| + 2—* < &/3
and lim,..e,=0. From the definition of H(s, ¢) it follows that H(s, )+,
<J(s, t)-2—=1. Hence
(1) [H(s, ) + wls, 3, 0)/T(s, 3, 8) £ [H(s, ) + w]/T (s, ) < 271
Let ¥ be a member of G(s, £). If the inequality imposed by this condition be
combined with (10) and (11), we get
(12) | prow.o {OJKD) ] € 3un} — Plt, m(E)]| + [H(s, ) + £]/T (s, ) = &/3,
where p=u(s, v, ). In a like manner it can be proved that
(13) | tn{OdE(D ] € wun} = Plt, m(B)]| < &/3

ifH(s,t) SN=<J(s+1,y,t) and u=u(s+1, y, t) and yeG(s+1, ). Hence from
Lemma 3 we conclude that

(14) | px{0[K()]} — Plt, m(E)]| < e,

if u(s+1, y, ) SN =Zu(s+2, y, £) and if y is an element of G(s, £)-G(s+1, #).
If y is an element of G, then there will exist a number so such that condition
(14) will hold whenever s, <s. This gives us the following theorem.

THEOREM 2. For almost every y the corresponding sequence K(y) satisfies
condition (C4).

16. Generalizations. We shall consider the case in which the space S is
the region 0<vy;<1, where 1=1, 2, 3, - - - , @. Let 7(E) be an absolutely ad-
ditive, absolutely continuous function defined in S and such that 0 <w(E)
whenever 0 <M (E). We shall construct a collective K=P®, P® P® ...
which satisfies (C4). In order to do this, we shall set up a correspondence
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between the points of .S and the points of the interval 7: 0=y<1. Let S be
decomposed into a system of meshes m,,; and let us define a corresponding
set of intervals I, ;. Let

I, W(ms,l + My + - - + ms,i—l) =y< W(ms,l + -+ ms.i)r
where 7 <j,
I,i: 0=y <m(ms,).

Corresponding to any y of I and to any positive integer s there exists a posi-
tive integer 7, such that y is an element of I,,;,. Let

P, = I-Il ms.isy
where i, ,;, is the set consisting of the mesh m,,;, plus the frontier points of
this mesh. Thus corresponding to any point y of the interval I there is deter-
mined uniquely by this enclosure sequence, a point P, of the region S, where
S is equal to S plus the frontier points of S. If y is any point of an interval
I1,,;, then P, is a point of the corresponding set ,,;. The inverse of this corre-
spondence is not necessarily unique.

Let P,,; be the point of S which corresponds to the point 2-*(j —1) of the
interval I. Let A be any subset of S having frontier points of measure zero.
Let s be any positive integer and 7y, fo, - - - , 7. be the set of all positive in-
tegers such that the corresponding points P;,;; are elements of the set A.
It may of course happen that the points P,.;,, P.j,, - - -, Ps.i, Of the set 4
are not all distinct. Let 4 =m. ; +m} ;,+ - - - +ms,;,, where the sets m} ;
are meshes of the interval 7.

We shall prove that lim,..m(4,”) =w(4). We shall prove this fact first
for the case in which the set 4 is one of the meshes m,,;. Given any positive
number e there exists a positive number ¢’ and a corresponding element B,
of L, such that all of the points which belong to m,,; are interior points of
B,, and w(B,’) <m(m, )+ e. Corresponding to the meshes m,-,; of the set B,
is a set of intervals I,.,;. We shall denote this set of intervals by b,. We shall
show that if P is any point of the mesh m,,;, then all of the corresponding
points y belong to b,.. That is, if y belongs to Cb,, then P, belongs to Cm, ;.
Let y be any point of Cb,-. Then y belongs to some interval I, ; and the corre-
sponding point P, belongs to the corresponding set #,-,;. The set 7,,; can
be neither interior nor adjacent to m,,;. Hence P, belongs to Cm,,;. Therefore
if s is sufficiently large, then m(4,) <w(m,,:;)+ €. Since a similar inequality
holds for every mesh of the lattice L,, it follows that if s is sufficiently large,
then w(m,,;) —e<m(d4,). That is, lim,..m(A4,) =m(m,,;). The extension to
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the case in which 4 consists of a finite sum of meshes is immediate. Next
let A be an arbitrary set whose frontier points are of measure zero. Given
any positive number ¢, there exist two elements B; and B; of N such that
Bi<A<B, and 7(B:—B;)<e. Thus it is easily seen that lim,..m(4.)
=m(4).

The points P,,; are everywhere dense in the space .S and hence constitute
a space S’ defined in §10. There correspond a field F’ and a distribution func-
tion 7'(A4). Let A be any set of the field F’ and let

(15) Al = 30 ma,;.

Ps,sed
Then lim,. m(4/))=n'(4). Let A, As, - - - , Ao, E1, Es, - - - , E; be the sets
involved in the operator O;. There correspond sets A,1, Ase - -, Aso

E, ., Bz, - - -, E,,» defined in accordance with equation (15). Let
P[S, ty m(E)] = m(Es,l) 'm(E0,2) R m(Ea,h)'m_h(As.v)o

Then lim,..P[s, t, m(E)] =P[t, m(E)]. If y is any member of the set G de-
fined in §15, then there is determined a sequence K(y). There is also deter-
mined a corresponding sequence K whose terms are elements of the space S’.
There exists an integer s, such that

| tw[0u(K € 2,0)] — P[s, t, m(E)]| < 2-+

whenever so<s, H(s—1,¢) <N <J (s, y) and u=u(s, v, {). Hence by reasoning
similar to that of Theorem 2, §15, it follows that $[0.(K)]=P|[t, m(E)]. That
is, K satisfies condition (C4) and hence is a collective with respect to the
space S’ and the field F’. It is also a collective with respect to the space S
and the field F.

We shall now remove the restriction that 7(4) must be greater than zero
whenever m(A4) is greater than zero. Let 7(4) be any absolutely additive,
absolutely continuous distribution function such that there exists a set B
with the following properties.

1. The frontier points of B are of measure zero, i.e., B belongs to the
field F.

2. n(B)=1.

3. If A is any set of the field F, then 0 <w(4 -B) whenever 0 <m(4 - B).

We shall define a new distribution function 7’(4) by the equation
#/(4) = [r(4-B) + m(4-CB)]/2.

Then there exist collectives having 7'(A4) as their distribution function. Let
K be such a collective and let us perform a contraction on K with respect
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to the set B. The resulting sequence K c¢5(K) is a collective having the dis-
tribution function

7' (4-B)/7'(B) = w(4).

Next if .S; is the whole of the a-dimensional euclidean space, then there
exist collectives with respect to this space. To show this, it is only necessary
to construct a transformation which is continuous and has a continuous in-
verse and which carries S into S1.* Such a transformation carries sets of meas-
ure zero into sets of measure zero.

Suppose we have a space .S which consists of a denumerable infinity of
elements m;, ms, ms, - - - . Let the field F contain all possible subsets of S.
We shall define a corresponding set of intervals Iy, I», I3, - - - as follows.

Ij: 1r(m1+m2-|-+m,_1)§y<1r(m1+m2++m,)1f1<j,
I: 0=y < x(m).

Then E:;J ;=1 where I is the interval 0=y <1. If 4 is any element of F,
then the corresponding sum of intervals I, constitutes a set whose frontier
points are of measure zero. Let K’=P® P® ... be any member of the set
C[D, m(E)] and let the corresponding label space be the interval I. We shall
define a corresponding collective K =e¢®, e® e® - .. having the label space
S. If P™ belongs to the interval I;, then the corresponding term e shall
be the element m;. Then K is easily seen to be a collective. Any space consist-
ing of a finite number of elements can be similarly treated.

We shall show the existence of collectives whose associated label space S
has infinitely many dimensions. We can express .S as the following infinite
product.

S=I1XIs X XIaXTITop1 X",

where I, is the interval 0 <y, <1. The field F is defined as follows. A set 4
belongs to F if and only if there exists a number « such that 4 =A4.X oy
XI.2X - - - and the frontier points of 4, are of measure zero.

For each interval I, we shall construct a net N, consisting of lattices L,,q.
We shall also construct for the space S a net N consisting of lattices L,. Let
L,=L, XL, 32X -+ XL,,. Then there are 2 meshes m,1, M.z - -,
My iy - - , Myt in L,. We shall assume that the subscripts of the meshes are
so chosen that

(7+1) 2251

Ms—1,j+1 = Z Ms,i.
i=g- 227041

* Copeland II.
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From this point on, the existence proof for collectives in this space is the same
as that for collectives in the space of a dimensions.

Let K=P®, P® P® ... bea collective having the label space S. We
shall express K as a product collective. Let %k, be the sequence whose nth
term P,™ is the ath coordinate of the point P™. Then K =k; Xk; X ks X - - - .
Let oy, a2, a3, - - - be a sequence of positive integers and let 8, =a;+as+ - - -
“+an—1. Let Sn=Sﬁ,,+1XSﬂ,,+2X o XSB,.+1y Kn=kﬂn+lxkﬁn+2x t Xkﬁm-v
Then K, is a collective whose label space is .S,. Moreover K, XK., X - - -
X K., is a collective having the label space S, XS,,X - - - XS,,. In the no-
menclature of von Mises, collectives which can be combined in this manner to
form new collectives are said to be “verbindbar.” The spaces S}, S, - - - and
the collectives K,, Kz, - - - can be transformed by one or another of the meth-
ods described earlier in this section. We shall denote the transformed spaces
and collectives respectively by Sy, S¢, Sy, - - - and K/, K¢, K¢, - - - . The
space S and the field F become S’ and F’. Products of the collectives
K{!,6K{, - are collectives having the corresponding product label spaces.

17. Alternative systems. It is readily verified that K/ cx and K/
c¢4,(K/) are collectives if x is an element of D and 4; is a subset of S/
and I/ XI X - - XTI,y XA} XTI X - - - is an element of F’. Operations
of the form K/ c¢4;(K/)- € -¢4,(K»') and K/ cx,- € -¢4,(K/ cxz) do not
necessarily produce collectives. However it may be true that K can be so
chosen that all such operations and groups of these operations produce collec-
tives. In fact in the system of Dorge, all of these operations are included.*
Dérge considers a set of selections .S which is equivalent to the set D given
in this paper. He then constructs an extended set § which contains all the
operators which can be formed by combining selections and contractions in
the manner just described. Thus § includes all the operators of the form O, ..
In the present paper the operators O, play a role similar to those operators
of the set § which are not of the form O,,. In Dérge’s system the spaces
Sy, SY, - consist of finite numbers of elements and the collectives
K/, K/, - are independent. No general existence proof has been given
for this system.

In the system of Reichenbach,f a fundamental element is an expression
of the form () (x;€03,y;eP). These elements admit of several interpretations.
One of the most important interpretations is the following. Let

x=x1,x2’x3’...’xi,...,
Y= 91, Y2 Y8 0 00y Vit
be two collectives with corresponding label spaces.S and 7" and let K =2 Xy be

* Dorge 1.
" 1 Reichenbach 1.
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a collective with the label space SX 7. Then the expression (7)(x:€03,y;eP)
is equivalent to the equation p {¢oxpr[K € poxs(K)]} =p. Another interpreta-
tion is obtained as follows. Let y be a collective, x be a selection of the set D,
and 0 be the set consisting of the number 1. Then x=¢¢(x). In this case the
expression (7) (x;€03,y;eP) means p[¢pp(K cx)]=p.

If the collectives K/, K, - - - are independent, then K’ constitutes a
Tornier matrix of a very general nature.* The ith row of this matrix is the
collective K/. In the definition of such a matrix, conditions (C2) and (C3)
are not required. Condition (C1) is specialized by setting A=r;=n=1.
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